Agreement between the theoretical dependences obtained, the results of numerical compu-
tations, and the experimental data indicates the effectiveness of the asymptotic method
developed.

The authors are grateful to K. A. Volosov for aid in performing the numerical computations.
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SPECTRAL STRUCTURE OF TURBULENT CONVECTION

I. V. Nikitina and A, G. Sazontov UDC 532.5

A central problem in the theory of evolution of strong turbulence is, as is well known,
the determination of the spectrum of turbulence. Contemporary ideas on scale-invariant
spectra are based on Kolmogorov's ideas, introducing the hypothesis of the self-similar nature
of the spectrum in an inertial interval and the locality of turbulence [1]. For a long time
similarity methods were essentially the only means of theoretical analysis for determining
the spectral structure, However, due to the intermittent nature of turbulence dimensionality
arguments often do not finally permit finding the form of the spectrum [2], therefore there
have recently been numerous attempts at solving the problem of the Kolmogorov spectrum by
starting directly from the equations of hydrodynamics,

The increasing interest in self-similar spectra is obviously related to two circum~
stances. First, the theory of scale-invariant spectra in phase transition problems has been
substantially developed lately. Thus, the renormalized-group approach and consideration of
problems in arbitrary dimensionality have been powerful means of studying critical effects
[3, 4]; these ideas have by now been successfully transferred to strong turbulence [5, 6].
Secondly, the method of conformal mappings [7, 8], first suggested in [9] (see also the
review [10]) for finding exact power-law solutions in the theory of weak turbulence, is quite
fruitful in solving problems of the Kolmogorov spectrum.

So far all results on the spectra of strong turbulence referred to the case of an iso-
tropic medium.* In reality the effect of anisotropy, related, for example, to the action of
gravity forces, is important. In the present paper we solve the problem of finding anisotropic
spectra of turbulent convection (the exceptional direction is the vertical).

The effect of convection plays a large role in many physical processes. For example,
convective effects underlie a whole variety of solar phencmena [12]; convection is one of the

#Within weak turbulence anisotropic spectra were discussed in [11].

Gor'kii. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 4, pp.
88-97, July-August, 1981, Original article submitted May 5, 198C.
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basic factors forming the structure of the active layer in the ocean [13]; and convective
processes affect significantly the dynamics of atmospheric motions [14]. As a rule, in all
these phenomena convection is turbulent, and in this connection the problem of the spectrum
of turbulent convection is important., In the present work we find the anisotropic spectra
of turbulent kinetic energy and the temperature pulsations corresponding to a constant heat
flow, and we prove the locality properties of the distributions obtained.

To describe convection in an infinite layer of a viscous incompressible liquid we use
the dimensionless equations of motion in the Boussinesq approximation [15] for the velocity
field v and the temperature deviation T from the state of hydrostatic equilibrium T, = —Az +
T, (A is the equilibrium gradient, and T, is the temperature at lowest boundary of the layer):

Pr-ldv/dt = —yp + Av 4 RaT-e,; (1
8T/t + (vy)T = AT 4 v-ey; (2)
divv = 0, 3

where Ra = gBAh"/vy is the Rayleigh number, Pr = v/ is the Prandtl number, e, is a unit vector
along the z-axis, é is the thermal expansion coefficient, v and ¥ are the coefficients of
viscosity and thermal conductivity, and h is the layer width. In these equations time is
measured in units of h®/v, velocity in units of x/h, temperature in units of Ah, and pressure
in units of povx/h?® (po is the unperturbed density).

We use the Rayleigh boundary conditions:

w=0,0v,/0z2 =0, T=02az=0 and z = 1. (4)

The temperature field T(r,, z, t) can be represented as a sum of the field T(z, t) averaged
over the horizontal field and a deviation from this averaged value O(r,, z, ?):

T(l‘_[_, z, t) = ]T(z9 t) + @(l‘,_!:, z, t)

(the velocity field has a vanishing average component).

From Eq. (2) it follows for T and @ that

90 aT o))

= — 80 =—w—V(v0—(v6)); (2a)
oT o°F 8 '
9 — gt = — 5 (v0), (2b)

where w is the vertical velocity component, and the bar denotes horizontal averaging. In what
follows we assume that the condition Pr > 1 is satisfied, in which case the inertial term in
Eq. (1) can be neglected and the temperature fluctuation can be related to the velocity field

_vA§=gB\T—b§—Vp. (5)
(1}

We seek a solution of system (1)-(3) with boundary conditions (4) in the form of an ex-
pansion in eigenfunctions of the linear boundary-value problem:

bed B ik | £y +iky2
'z LA 2
wir,nt)= 3 [wd (e dk,,
7=—0
bl 2 ik | v +ikgz
z 1Lz
T(riz,)= 3 (1 @e dk )
kz=—oo
<o k. k K 3
h 3 ik 0y Fikaz
L7Z z At b s
U_L(I‘_L,Z,t)=—- 2 ‘—ka_!_(t)e dkd:’
hp=—o0 k;_\_
By kg R, *hy Ry —k;  hr —ky
wey, =w-ks T, =Tx,, o, =—wk,+ T, =—Tx,,

where k, is the wave vector in the horizontal plane, and k; = 7n/h is the quantized magnitude
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of the z-component momentum (n is a discrete number, characterizing the number of hali-waves
gtacked vertically).

It follows from (5) that

~ 18
3 [id |3 S 2 2
wki = g’;)-——i“ T, u, = _____g@ i B? =k - ki (7N

R

Ty~ P . . 12y Ba %k, ¥k
Ky Bropbe 1 EY f Re 55 P R , D oo
_at.._._‘ylekL'T_z_ , bv‘i e Vk;;k;lkigjkilTkJ_zG(k_‘_«l—LLl—r}:.J_g)Cu_(1.1\;2, (8)
AaTily Ty =
where
Ry K P
Vi, = —= (B2 — Be): Ra, = —
(& ) 2
- . .2 12 .2 2
7 k2 I 4 ! ]_.,—‘_" \ hd: 1 . 1, ( n.“_w—w_ '
Villh"l SR et i i ———%—L. | —=; T Ve e, — ey ~ I
L™l v .’i 2 “ : - 1\ ’Yl‘, [ kg b = \ Fa, E
. . . ky hzlkzz Az !hzl 29 ky Ehzgkl
The matrix element of the interaction Vk_L ky k, ~POSSesses the symmetry F ke =V [kai
and satisfies the Jacobi identity
ke |%z z z Rz Bz kzhz
Tl L? t I v =
VkLL_leH*{-VkllkJ_zde ‘ Vk,_L k_,_k 0, (9

being a consequence of the conservation law of heat flux.

In what follows we will need the asymptotic matrix element in the two limiting cases:

Rz ky

7h3 ) . .
k; >k, and k< k.. In this case Vi k'’ 1is a homogeneous function of its arguments
Lk,

Ek, Ekzlghzi . 7\,t V : I’:
M [h ) 2 13 LKL

while for A, >k, , t = 2, v = =3, and for k, Kk, t= -2, r=1.

A specific problem is the presence of a mean temperature field, described by a vanishing
spatial harmonic in (8).

The presence of an average component complicates the statistical treatment within Eq.
(8), therefore it is more convenient to reformulate the problem in terms of the vertical
velocity component, having a vanishing mean value:

B
dw*F X kz qu-l k. B kK. %k,
i hy Ry i L Mfg By Pyt 1 RN
55 = Ve Wk, T E T E sz kl K kaiwk;a X
k:+kzl+kz-2:‘0 ) ’f"Ll +2 ) (.LQ)
X 5(kL ”.‘kLle‘k‘ )dk dk

We are interested in the evolution regime of turbulent convection. As indicated by experi-
ments (see, e.g., [16]), for Pr > 5 this regime occurs for Ra 5°10°%, TFirst we consider
qualitatively the structure of turbulent convection. The heat excess in the lower layer is
transferred by the motion of vortices of large sizes. These vortices exist for a time not
longer than the time of liquid motion in the neighborhood of vortices, and therefore they

do not succeed in carrying up the heat excess to the upper boundary of the layer. Large-
scale vortices decay more finely, and, thus, the whole region of turbulent convection consists
of an ensemble of vortices of different scales. Since vortices are subject to the action of
gravity forces, turbulence has an anisotropic nature (with the exceptional direction being
the vertical). To describe the turbulence we introduce the following characteristics:



the spectral kinetic energy density

*h, k., *;,~
Fk,t) _.\uJ_LJ_uJ_kJ_ - Wk Wy, N

v

and the spectral temperature pulsation density
By ¥R
Fr(k, t)={0x0%"),

where < > is the average over the statistical ensemble,

Taking into account (7), (6), the following relations can be obtained for F(k, t) and
Fr(k, t):
T\Xs

AN 2

’w
\ .L/= Iﬁ_l_a
.L
b > o= 5
FT(k1 t)=< ﬁk2 ) \ ( ﬁkz ) IkJ.‘

. k S By R . . , .
Thus, knowledge of the quantity Iki::<\ukiukLi> makes it possible to determine the required

F(k, t)=

characteristics. From Eq. (10) it follows for‘]ﬁi that
k. .
J KR e ky [Pz Rz 2.k,
g :27,’? Iﬁi—;——;—lm E—ﬁ% Vi fii kz_L sz_n i, G(kL"}'k_L +ki,)dk dk., (1D
+ hoths T =0 K FLEL !

where

Ryky R 3 ky
2z %z, Ry z \

Kk Ky, (ium u&L uhlz//

To study the statistical characteristics of Eq. (10) it is convenient to use Wyld's
diagram technique [17], using two quantities, the spectral density Iiim and the generalized
Green's function Gﬁim; First-order perturbation theory corresponds to Kraichnan's model [18]
of direct interacfions.* As shown in [22], however, this approximation enhances the effect
of large-scale motions on the evolution of small-scale inhomogeneities and leads to a spectrum

in disagreement with the Kolmogorov spectrum, which was quite well verified experimentally

[21.

Some of the most diverging diagrams, describing transport, were summed in [8], while the
improved equations of direct interactions already contain solutions with the Kolmogorov index
values [23].

For the case under consideration the improved equations in the k-w representation are

=6 | O,

3 . \—
Gl = (0 —ind ~ ﬁ o)
2 B,
q)l\ 0 = . Ek j dqldqz [V k_L kJ_ ] Iq:1]q22 X (12)
Zl’ Z

X [6 g+ a+9) 6kz’—(hzl+kz2) —6(¢ +q1) 6h2,—kzl],

*As applied to the whole system (1), (2a), (2b), the equations of direct interactions were
formulated in [19-21].
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h Z Znz
1 2 1
k.k; P |

ky h‘ 4 , )
¢yﬁx%wgP75@+%T%Wﬁj%wm”5@+%WHqJ,

...k 0 2 §d91d42vlu

where
K Kk, yhe [fate,
= (ko) V k_L k, 1, —_——#k?, 2 Ky fxj Ko
-1 2

hehz b . . . k
We further express the triple correlator Jkiﬁ'?l in the form of a power series in qu and
-1 2

ng. In this case Eq. (ll) is rewritten within the direct interaction meodel in the form

h
oI’ Bz b
atj - zvk_[“[k %‘ Im V 5’ dQ1dq‘>d(”VLJ_ k !‘J_
rcz-!sz +hz =0
(13)
bz [Fahey g Py P ke phzg oy Rzghs Rz Rz ;
{Vkl LJ_k_L Gq [ I +VkL k kJ_ G [ I ’T‘Vk N L_LG [ ] 5(91—91-i-92)5kz,—(1<z1+k22)-

Equation (13) is similar to the kinetic equation for waves in the theory of weak turbulence.

We are interested in solving Eq. (13) in the inertial interval, where the effect of the
energy—-containing region and the dissipation region can be neglected, and the main contribution
to formation of nonequilibrium spectral flows is provided by the collision integral. The
applicability limit of this treatment is discussed below.

We initially determine the stationary spectra from dimensionality considerations. For
this we use the Kolmogorov hypothesis concerning the heat flow:

B ko (k
STN__J;_Z_T_(_L:const, (14)

Tint

where Ti,t is the characteristic time of nonlinear temperature pulsation interactiomns.

From Eq. (8) one can estimate

A L
T:nt (Tﬂ)F ) k%, 2. : (15)
We then obtain from (14), (15)
Fy (k) ~ (ven/ gB)* kT TR 4O, (16)
Using Eq. (7) for F(k), we have
F (k) ~ &/ (gBm) k72 00, an

In the limiting cases, when k, >k, or k, <k, , Egs. (16), (17) are, respectively,
Fr(k) ~ KTk, F (k) ~ kT9PKT0 (< by ) (18)
Fr(k) ~ k7%, F k)~ k7% (k> k). - (19

For an arbitrary relation between k, and %k, dimensionality considerations can give one-
dimensional spectra (depending on Jk|):

Fa(k) ~k~13, F(k) ~ k=92,

In this case the nature of the angular distribution, i.e., the nature of spectral ansisotropy,
remains undetermined.
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We note that the spectra obtained are essentially based on the locality hypothesis.

We determine analytically the stationary spectra of turbulent convection. For this it
is necessary to find the accurate solutions of Egqs. (12), (13). Due to the separateness of
the vertical direction it is natural to seek a distribution dependent on k, and k. At the
present time only one method is known of finding exact solutions, based on the factorizatioen
method [10], while symmetry and homogeneity properties of the interaction matrix elements are
widely used. In the given case, however, this method cannot be applied directly, since

R, Bz, Rz . . .
kikf'ﬁl is not a homogeneous function of k; and k; in the whole wave number interval, and
+1 e

the factorization procedure can be carried out only in the limiting cases, when either k,> k;

or k, & k;. 1In these limiting cases we find solutions of ‘Eqs. (12), (13), transforming in
advance in them from summation over k; to integration:

h
2—-> Tz_i—'[)— Sdkz.
kg

The solution of these equations is sought in self-similar form
13 1 ® By 1 : ®
szm=————g{ >, Iy mz-—”—'—f(‘_) (20)
LT e ) e T e

The first two relations between the unknown indices are obtained from the Dyson equation (12)

2%+ =29+2 2 +p =29 +1, (21)

where ¥ = 0, ¥ = 1 both for k, L by k> ky and for k, >k, (% and T are the homogeneity powers

Ry ) .
kj;2 in the cases under consideration).
1K1s

. ~h
of the matrix element Vi

The following two relations between s, a, p, and B are obtained by solving the stationary
equations (13)

ik, B2 B, P
T — I | doda,da,di i 745 |02 [P0 W02 G100 + (22)
+ Vk_|_ k1:1| Q zzIkz] -+ Vk’ll \H kJ_qu Iq2 I, } (g + @1+ %) 8 (Fe -+ Fezy + Fizy) = 0.

For this we carry out a factorization, introducing a joint conformal transformation in
k; and k;, multiplying in advance the integrand in (22) by k®/k* for symmetrization:

In this case the second term in (22) transforms on the scale-invariant spectrum (20) into the

~

k k, = ~
first with a factor (f \ ( ), where z = 2t+4 —s—2a; y=2r - 2 — p — 2p while t =2, r=1
\ 22

-2
for k, < k, and t = —2, r=35 for k, >k, (t and r are the homogeneity powers of the

kg A3 hy VRz Bz, . . . .
quantity Vk g?,f‘:: oﬁ i 2% k}glz in the cases under consideration). The third term in (22)
v 2 % Tl .
1

is similarly transformed.

As a result the integrand function acquires the form
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The expression in the curly brackets vanishes for x = y = 0 by identity (9). The conditions
x =y = 0 together with relations (21) lead to the following values for the indices:

o = 14/3, B = 5/3, s = —4/3, p = 2/3 for k< k,
o =—23 =T s=4/3, p=—2 for 5, >k,

while for the spatial spectra F(k) and Fp(k) we obtain the solutioms (18), (19) found earlier
by dimensionality arguments, We stress once more that the factorization procedure applies
only to the limiting cases, when either k, <k, or k; > ki, as only in this case is the
matrix element a bihomogeneous function of its arguments,

For the results obtained to have a physical wmeaning it is necessary to prove locality
of turbulence. The latter implies that the interaction of modes with scales of the same order
is much stronger than mode interaction of different scales. Formally the property of local-
ity implies that the integrals in (22) converge on the spectra obtained. We consider initial-
ly convergence in the regions kllé;kLand kﬁ<:k4ki2~/kL,k%»ukJ.

In this case the most dangerous terms (with which most of the divergence is related)
ke
are the terms proportional to fx]! .
-1

For small kil and kz, s using property (9) and taking into account that Gq = —G¥

. . 9’
these terms are collected in the expression
n » di 8 Y . -k P
s B N N A ¢ SR (23)
TR io fky -k, C KL i
PO L/4ki_-_kil K Lyfer—ky R

hg—ky

hZ
Since the relation Vki = () is satisfied exactly, this guarantees convergence of the
1

ky—k)
integrals (23) and implies locality of spectra in the region considered.

Consider convergence in the regions kll,k1a>>kL and kﬁ,A&2>>kz, In this case the most

Ry R,
dangerous terms are those linear in /y' and [y . We obtain for them integrals of the form
~-1 ' -2

oo oo

dk pA .
fdkzlf B S [V’“z

J TR T it ky
Vo -8 kL

ky —k T2 R
kz1 lz(] } I kZl
L7k g kg

1

Convergence of integrals at the upper limit is always guaranteed by the fact that

L —h
sz Ubl z,
ko k;l_kA

=1{, Thus, the spectra found are local,
1

We clarify the applicability limits of the solutions obtained. We first turn attention
to the fact that, as follows from (5), for Pr > 1 the inertia forces are negligible and Archi~
medes forces are statistically counterbalanced by mclecular forces. In this case motions of
all scales are subject to action of viscosity, and the Kolmogorov portion of the spectrum
F(k) ~ ki*/3 ig absent. For sufficiently small scales viscosity appears to have a tendency
to isotropy. The minimal scale, starting with which this effect becomes important, can be
determined by comparing the characteristic dissipation time due to viscosity in the scale
{1, ~ v with the characteristic time of convective rise of the corresponding scale under
the action of the Archimedes force Teuy ~ l/v;. Using the relation of (5)
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vu /2~ gBT,

T2

and the relation e; ~—t —const, one can find from the condition w,

~ Teonv
N V578
cr (gﬁﬁiﬂ,)l“

This expression can also be obtained directly from dimensionality considerations, if it is
assumed that the quantity 7., depends only on the parameters g, B, v, and er. Thus, for large
Pr the anisotropic spectra found (16), (17) will be realized for up to scale l.r. Vortices
with scales from lq.¢ to k 1s’ where molecular thermal conductivity becomes important, will

be practically isotropic.

In an isotropic interval of scales, solving Eq. (22) averaged over angles, one obtains
the following expression for the spatial spectrum of the vertical velocity component:

B \4/
I, — Bagr/a (%&)4 3 L1978 (24)

In this case the spectra of kinetic energy and temperature pulsations in spherical normal-
ization acquire the form

Exk) ~k=Y® and E(k) ~ k-133, (25)

Spectral characteristics of this shape were obtained in [24] by numerical solution of semi-
empirical equations of energy balance and temperature pulsations. The isotropic spectra
(24), (25) are realized up to the scale kdlS’ which can be estimated by considering the
problem with a source:

Wl = L.

A solution of type (24) is valid until the collision integral on this spectrum becomes
comparable with the damping term (in the region of large k yz ~ %K%

o \2/3
2y BELL? ~ B3l <——-i B ) kais
or

1/2 ; =~ 3/8
MV{%TQ&WAWﬂ-

For k > kgjg the solution drops off quickly. To determine the constant B we use the heat
flow conservation law:

{ pke ek = 0.
0 .

We have

Rdis

Yo]zo 19,3 NXB !( A.S—lg,“:}d/l,__‘_'_SJ_XBkg,{lg,

0

where yvo is the characteristic value of the increment, and ke is the characteristic scale of
the instability region. Taking yo v ¥ Ra/m?h?, ko ~ (n/h)V2, we find

B~[ 161{a( v )2/3‘2
an’gd3 a}mg’g J
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The whole treatment is valid if there exists a sufficiently large transparency region,

i.e., if kgyg > ko. Calculating kgijg gives the condition

Ra > 104

For turbulent convection this is certainly satisfied.

The authors are grateful to M. I. Rabinovich for discussing the results and for useful

remarks.
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